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unitary highest weight Spin(2, 2n + 2)-module. 
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I. INTRODUCTION 

The Kepler problem is a physics problem in dimension three about two bodies which attract each other by a force 
proportional to the inverse square of their distance. As is well known, its exact solution in classical mechanics gives a 
very satisfactory explanation of the Kepler's laws of planetary motion, and its exact solution in quantum mechanics 
gives an equally satisfactory explanation of the spectral lines for the hydrogen atom. The MICZ-Kepler problems, 



discovered in the late 60s by Mcintosh and Cisneros 



2|, are natural cousins of 



l| and independently by Zwanziger 
the Kepler problem. Roughly speaking, a MICZ-Kepler problem is the Kepler problem for which the nucleus of a 
hypothetic hydrogen atom also carries a magnetic charge. 

In the early 90s, Iwai 3] obtained non-abelian analogues of the MICZ-Kepler problems in dimension five; more 
recently, the first author constructed and solved [j] analogues of the MICZ-Kepler problems in all dimensions bigger 
than or equal to three which extends the aforementioned work of Mcintosh and Cisneros, Zwanziger, and Iwai. We 
shall refer to the MICZ-Kepler problems and their higher dimensional analogues as the generalized MICZ-Kepler 
problems. 

Recall that the MICZ-Kepler problems all have a large dynamical symmetry group-Spin(2, 4) -as shown by Barut 
and Bornzin These authors also used the symmetry to provide an elegant solution for the problems in [f]]. 
Similar results were also established in dimension five by Pletyukhov and Tolkachev [6j for the generalized MICZ- 
Kepler problems of Iwai. The purpose of the present paper is to investigate the dynamical symmetry and explore its 
representation theory for the generalized MICZ-Kepler problems in all odd dimensions. 

We shall show that for each positive integer n, a (2n+ l)-dimensional generalized MICZ-Kepler problem always has 
an Spin(2, 2n + 2) 1 dynamical symmetry, i.e., its Hilbert space of bound states forms an irreducible unitary module for 
Spin(2, 2n + 2). In fact, we shall show that the Hilbert space of bound states forms a unitary highest weight module 
for Spin(2, 2n + 2); more precisely, we shall establish the following result 2 : 

Theorem 1. Assume n > 1 is an integer and [i is an half integer. Let Jf?(/J.) be the Hilbert space of bound states for 
the (2n + I) -dimensional generalized MICZ-Kepler problem with magnetic charge fi, and 1^ = I + \fi\ + n — 1 for any 
integer I > 0. 

1 ) There is a natural unitary action of Spin(2, 2n + 2) on Jt?(fi) which extends the manifest unitary action 
of Spin(2ri + 1). In fact, <%P{\1) is the unitary highest weight module of Spin(2, 2n + 2) with highest weight 



It is a double cover of SOo(2, 2n + 2) — the identity component of SO(2, 2n + 2). By definition, it is characterized by the homomorphism 
7ri(SOo(2, 2n + 2)) = Z © Z2 — * Z2 which maps (a, b) to a + b. Here a is the congruence class of a modulo 2. 
2 The result for an even dimensional generalized MICZ-Kepler problem shall be presented in Ref. Q 



(— (n + |/i|), |/x|, • • • , /i); consequently, it occurs at the first reduction point of the Enright-Howe-Wallach classi- 
fication diagram 3 for the unitary highest weight modules, so it is a non-discrete series representation. 

2) As a representation of subgroup Spin(2, 1) x Z2 Spin(2n + 1), 

■*M = 0^(2^+2® A) (1) 

where Di is the irreducible module of Spin(2n + 1) with highest weight (I + \fj,\, \fi\, ■ ■ • , and +2 is the anti- 
holomorphic discrete series representation o/Spin(2, 1) with highest weight —l^ — 1. 

3) As a representation of the maximal compact subgroup Spin(2) x% 2 Spin(2n + 2) . 

- oo 

^(M) = J=Q (^(-^-l)®^) (2) 

where D l is the irreducible module of Spin(2n + 2) with highest weight (I + \fi\, ■ ■ • , fj) and D{—1^ — 1) is the 
irreducible module of Spin(2) with weight —l^ — 1. 

Readers who wish to have a quick geometric description of the aforementioned unitary highest weight module of 

Spin(2, In + 2) may consult the appendix. Readers who wish to know more details about the classification y,y, EH of 

unitary highest weight modules may start with a fairly readable account from Ref. [h]] . Note that there is no general 
classification result for the family of unitary modules of real non-compact simple Lie groups, and the subfamily of 
unitary highest weight modules is special enough so that such a nice classification result can possibly exist. The first 
reduction point picked up by the "Nature" from the Enright-Howe-Wallach classification diagram is even more special 
because it belongs to an even more special subfamily called Wallach set. 

In section |nl we give a quick review of the generalized MICZ-Kepler problems in odd dimensions. For the com- 
pntational purpose in the S ub s e q „e„t section, we q uickjv review the gauge potential' to,- the background gauge held 
(i.e., connection) under a particular local gauge (i.e., bundle trivialization) , and then quote from Ref. [4j] some key 
identities satisfied by the gauge potential. In section HTT1 we introduce the dynamical symmetry operators and show 
that they satisfy the commutation relations for the generators 5 of soo(2, 2n + 2). We also show that these dynamical 
symmetry operators satisfy a set of quadratic relations 6 . In section ITVl we start with a preliminary discussion of 
the representation problem and point out the need of "twisting" . Then we gave a review of the (bound) energy 
eigenspaces (i.e., eigenspaces of the harmiltonian viewed as a hermitian operator on the physical Hilbert space) and 
finally introduce the notion of "twisted" energy eigenspaces which is soon shown to be the space of L 2 -sections of a 
canonical hermitian bundle. In the last section, we solve the representation problem by proving two propositions from 
which Theorem [1] follows quickly. In the appendix, each of the unitary highest weight representation of Spin(2, 2n + 2) 



3 Page 101, Ref. [l(J. See also Refs. 

4 It is •J— 1 times the local connection one-form. 

5 Here we adopt the practice in physics: the Lie algebra generators act as hermitian operators in all unitary representations. 

6 This set of quadratic relations will be shown |llj to algebraically characterize the unitary highest weight Spin(2, In + 2)-modules stated 
in Theorem [T] above. 



encountered here is geometrically realized as the space of all L 2 sections of a canonical hermitian bundle. Via com- 
munications with Profs. R. Howe and N. Wallach, we learned that these representations can be imbedded into the 
kernel of certain canonical differential operators, see Refs. (3 f° r the case M — an d Ref- Ql f° r the general 
case. Prof. Feher informed us of Ref. 15( in which a related interesting model with a conjectured dynamical 0(2,4) 
symmetry is investigated. 



II. REVIEW OF GENERALIZED MICZ-KEPLER PROBLEMS 



From the physics point of view, a MICZ-Kepler problem is a generalization of the Kepler problem by adding a 
suitable background magnetic field, while at the same time making an appropriate adjustment to the scalar Coulomb 
potential so that the problem is still integrable. The configuration space is the punctured 3D Euclidean space, and the 
background magnetic field is a Dirac monopolc. To be more precise, the (dimensionless) hamiltonian of a MICZ-Kepler 
problem with magnetic charge /i is 

1 A u 2 1 

Here A^t is the Laplace operator twisted by the gauge potential A of a Dirac monopole under a particular gauge, and 
/j, is the magnetic charge of the Dirac monopole, which must be a half integer. 

To extend the MICZ-Kepler problems beyond dimension three, one needs a suitable generalization of the Dirac 
monopoles. Fortunately this problem was solved in Refs. . We review the work here. 



A. Generalized MICZ-Kepler problems 

Let D > 3 be an integer, be the punctured Z?-space, i.e., M. D with the origin removed. Let ds 2 be the cylindrical 
metric on R^. Then (M.f,ds 2 ) is the product of the straight line K with the round sphere S 13-1 . Since we are 
interested in the odd dimensional generalized MICZ-Kepler problems only in this paper, we assume D is odd. 

Let S± be the positive/negative spinor bundle of (M.®,ds 2 ), then S± correspond to the fundamental spin repre- 
sentations s± of S0q(D — 1) (the Lie algebra of SO(D — 1)). Note that each of the above spinor bundles is endowed 
with a natural SO(D) invariant connection — the Levi-Civita spin connection of (M.^,ds 2 ). As a result, the Young 
product of / copies of these bundles, denoted by iS+, S[_ respectively, are also equipped with natural SO (D) invariant 
connections. 

When [i is a positive half integer, we write S+" as <S 2ai , and S 2 ^ as S~ 2t *. We also adopt this convention for pb = 0: to 
denote by 5° the product complex line bundle with the product connection. Note that <S 2/i with \i being a half integer 
is our analogue of the Dirac monopole with magnetic charge fj,, and the corresponding representation of S0q(D — 1) 
will be denoted by s 2m . 



Definition 1. Let n > 1 be an integer, [i a half integer. The (2n+ 1)- dimensional generalized MICZ-Kepler problem 
with magnetic charge /i is defined to be the quantum mechanical system on R 2n+1 for which the wave-functions are 
sections of S 2fi , and the hamiltonian is 



r 



where A M is the Laplace operator twisted by S 2fl . 

Upon choosing a local gauge, the background gauge field (i.e., the natural connection on <S 2/i ) can be represented 
by a gauge potential A a in an explicit form; then A M can be represented explicitly by ^2 a {d a + iA a ) 2 ■ Since the 
gauge potential is of crucial importance, we review some of its properties in the next subsection. 



B. Basic identities for the gauge potential 

We write f = {x\, %%, . . . , Xd-x, xd) for a- point in M. D and r for the length of r. The small Greek letters /i, v, etc 
run from 1 to D and the lower case Latin letters a, b etc run from 1 to D — 1. We use the Einstein convention that 
repeated indices are always summed over. 

Under a suitable choice of local gauge on M. D with the negative D-th axis removed, the gauge field can be represented 
by the following gauge potential: 

Ad=0, Ab = -—, rXalab (5) 

r(r + x D ) 

where j a f, = |[7 a ,7b] with j a being the "gamma matrix" for physicists. Note that j a = ie a with e a being the element 
in the Clifford algebra that corresponds to the a-th standard coordinate vector of R- 0-1 . 
The field strength of A a is then given by 



1 

F a b — 



^lab 



Db — -^Xajab, 



r(r + xo) r 2 (r + xrj) 2 
((2 + -^-)x c (x a ~{ cb - x b -f ca ) + ixdX c Yida-, 7cb]J (6) 

Here are some identities from Ref. [J] that our later computations will crucially depend on: 

Lemma 1. Let A a be the gauge potential defined by equation^ and let F a p be its field strength. 
1) The following identities are valid in any representation of S0q(D — 1); 

2 1 

F^i/F^ 1 4^2> K7 F^,i/] — j ix ^F VK -\- x v F K ^ 1x ^F^v^) , 

X^iAjx — 0, x^F ULJ — 0, Fav\ 0; 

r [F^,F af 3] + iF^S 
i 



6 

where V Q = d a + iA a , and C2 = C2[soo(£' — 1)] = ^Jabjab is the (quadratic) Casimir operator of S0q(D — 1). 
2) When D = 2n + 1, fi is a half integer, the following identity 

r 2 F Xa F xp = * (\s afi - + i(n - l)F af3 (8) 

holds in the irreducible representation s 2 ^ of SOo(2n) with highest weight (|/i|, • • • , 

Note that ^ = /i 2 + (n — l)|/x| in the irreducible representation s 2/ \ Remark that _4. r = = 0, where A r and Ag 
are the r and 9 components of A in the polar coordinate system (r, 8, $x, ■ ■ ■ , 9d-3, 0) for with 9 being the angle 
between r and the positive D-th axis. 



III. THE DYNAMICAL SYMMETRY 



For the remainder of this paper, we only consider a fixed (fin + l)-dimensional generalized MICZ-Kepler problem 
with magnetic charge /i. Recall that the configuration space is where D = 2n + l. For our computational purposes, 
it suffices to work on M. D with the negative Z?-axis removed. Introduce the notations 7r Q := — iV Q , c := /.t 2 + (n— 
Then [7r ai 7r^] = -iF a p. 

Following Barut and Bornzin [5|, we let 



f:=rn, X := rvr 2 + f , F := r, 

J Q /3 :=i[r Q ,r^], f:=i[f,Z], W :=i[f,Y] = r; 



and 



:=\{X-Y), 
A:=h(z-W 



M:=| 



r_i : 



r := i[r_D + i,r_i] 



2 



Some relatively straightforward but lengthy computations yield 



(9) 



(10) 



Ja(i = X a TTf3 - Xf3TT a +r 2 F a p, 



A n 



\x a Ti 2 - ir a (r ■ 7?) + r^Fapwp 



2r ; 



-x a + UD-3)n a 



\x a -K 2 - n a (f ■ tt) + r 2 F aP iip - 2^x Q + * (D - 3)tt q + i 



2 *^ct i 



T = r • 7T — i 



r„ 



D-l 



D+l 



IK 



(11) 



Jab = ' 



-1 to D + 1 


. Introduce <7yii3 as follows 




if A 


= (A, B = 1/ 


A * 


if A 


= n, B = D + l 


M M 


if A 


= fi, B = -1 


r » 


if A 


= fx, B = 


T 


if A 


= D + 1, B = -1 


r_D+i 


if A 


= D + 1, B = 


r_i 


if A 


= -1, S = 


—Jba 


if A 


> £ 





if A 


= B. 



Theorem 2. Let C°°(£> 2 ^) be the space of smooth sections of S 2 ^ . Let Jab be defined by \12\) . 

1) As operators on C° a (S 2 ^), Jab 's satisfy the following commutation relations: 

[Jab, Ja'B'] = -i?]AA'JBB' - iVBB' Jaa' + i^lAB 1 J BA' + iVBA'JAB' 

where the indefinite metric tensor r/ is diag{+ H — ■ • • — } relative to the following order: —1, 0, 1, 
indices. 

2) As operators on C°°{S 2 ^), 

{Jab, J A c} ■— JabJ A c + J A cJab = —2arji 



Ibc 



where a 



(12) 



(13) 

. , 2n + 2 for the 



(14) 



The proof of this theorem is purely algebraic and computational, but quite long. It will be carried out in the next 
two subsections. 

A. Proof of part 1) 



By exploiting the symmetry properties of both sides of Eq. (|13[) , we can see that it suffices to verify the commutation 
relations in the cases where (A, B) ^ (A' , B'), A < B , A' < B' and B' < B. The proof crucially depends on Lemma 

CD 

The following lemma is quite useful. 
Lemma 2. 

[Ja/3,r] = [J a /3, p] = 0, 

[Ja/3,%v] = — i(x a 6p v — XpSau), 

[J a /3,^v] = — i{"K a $0v — ltp8 av ), 

[Ja/3,F a >0>] — iS aa >F{3f3> +iS/3/3'F aa > — i5 a /3>F/3 a > — i5fj a 'F a p>. 



(15) 



8 



Proof. 



[JaP, r] = [x a TT0 - XpTT a + r 2 F a p, t\ = [x a TTp - XpTT a ,r] 



■ / % 3 %a 
-l(X a X(3 

r r 



0. 



[Jap, -} 
r 



[XaTT/3 - XpTT a + r 2 F a p, -] = [x a TTp - Xp7T a , -] 
+l(x a ^r - Xp—») = 0. 



[Jap, %u] = [x a Kf3 - Xp7T a + r 2 F a p, X v \ = [x a 1Tp - XpTT a ,: 

= -i(x a 5p v - Xp8 av ). 



[JaP,Kv] = [x a TTp - Xf3TT a + r 2 F al 3,Tr„} 

= -i(w a 8pv - icp8 av ) — ix a Fp v + ixpF av 
+2ix v F a p + ir 2 [V v ,F a p] 

= -i{K a 8p v — TtpSau)- 



[J a p, F a >p>] = [x a TTp - Xp7r a + r 2 F a p, F a ,p,\ 

= x a [TX p,F a ,p,] - xp[ir a ,F a ,p,} +r 2 [F a p,F a >p>] 

= i-£(2xpF a >p< + x a >Fpp, + xp>F a <p) - i-^(2x a F a >p> + x a ,F a p, + xp,F a , a ) 
+r 2 [F a p,F a ,p,} 

= r 2 [F a p,F a ,p,] - -^{-x a x a iFppi - XaXp'F^p + xpx a ,F a p, +xpxp*F a , a ) 
= i5ua'Fpp> + i8pp'F aa > — i8 a piFp a > — i8p a >F a p<. 

□ 

By using Lemma [5] and the definition of J a p, one can easily check that J a| a's satisfy the standard commutation 
relation of 50(D) Lie algebra. Then Lemma [2] may be paraphrased as follows: under the commutation action of 
Jap's, r and - transform as 00(D) scalars, i„'s and tt^s transform as 50(D) vectors, and F a p's transform as a 50(D) 
bi- vectors. It is then clear that T, Td+i and L_i transform as so(D) scalars; A, M and T transform as 50(D) vectors. 
This completes the proof for Eq. (p~3|) in the case when it involves J a p. 

By using identities x a A a = and x a F a p = 0, one can check that [— f ■ V, r\ = —r, [— r ■ V, r] — —r, [— r ■ V, = 
[— f ■ V, 7r] = jr. That is, —r ■ V is the dimension operator in physics. It is then clear that 

[T_ u T] = -iT D+1 , [T D+1 ,T] = -iT_ 1 , [f,T]=0. (16) 

Consequently, 

[M a ,T\ = [i[r a ,r_ 1 ],T] = i[r a ,[r_ 1 ,T]] + i[[r Q ,T],L_ 1 ] 



= [r a ,ru + i] = -iA a , 
[A a ,T\ = \i[T a ,r D+1 },T] = i[r a ,[r D+1 ,T}} + i[[r a ,T},r D+1 ] 
= [r a) r_!] = -iM a . 



This completes the proof of Eq. (|T3|) in the case when it involves T. 

The remaining verifications are divided into four cases. 
Case 1 . 

[raji^] = ~ij a fj, [r a ,r.D + i] = —iA a , 
[r Q) r_i] = — iM a , [r D+ i,r_i] = — vr 

which are just the defining relations. So case 1 is done. 
Case 2 . 

[M a ,Tp] = -iriapT-!, [Aa,Tp] = -ir] a pT D+1 

or equivalently 

[Z a ,Tp] = -ir) a pX, [W a ,Tp] = -ir] a pY. 

Proof. Since [W,,,^] = [x a ,r-Kp] — irS a p — —irj a pY, we just need to verify the first identity. Note that [Z a ,r] 
(see case 3 below), so 

[Z a ,Tp] = r[Z a ,np] + 2iT a irp 

= r[x a n 2 — 2ir a (r- if) + 2r F a pnp ^x a + i(D — 3)ir a , np] + 2irn a irp 

— t (iSapTr 2 — 2ix a F 1 pir 1 ) + r(2iF a p(r ■ if) — 2iiT a iTp) + r(—2ir 2 F ai F J p + [2r 2 F aj , n^TTy) 

X 

+cr\itp, -j] + (D - 3)rF a p + 2irir a -Kp 

— i5 a prir — 2irx a F 1 pir- f + 2irF a p(r ■ if) + r(—2ir Fay -^7/3 
+cr[irp, ^] + (D - 3)rF a p 

= i5 a prTT 2 — 2ir 3 F ai F 1 p + 2ir(2xpF al + x a Fp 1 + x 7 F a p + r 2 [Vp, F Q7 ])7r 7 

+cr[Kp, ^] + (D - 3)rF a p 
= t5 a prir 2 + 2ir 3 F ia F lS3 - icr (s a p - 2^J^) + 2{n - l)rF a p 
= iS a p(rTT 2 + — ) = -irj a pX. 



Case 3. 



[M a ,r_i] = *r a , [M a ,v D+ i\ = o 
[A a) r_!]=o, [A a ,r D+1 ] = -*r a . 



or equivalcntly, 



[W,Y] = [Z,X} = 0, [W,X] = [Z,Y]=2iT. 

Proof. It is clear that [W, Y] — 0. Now [W a , X] — r[x a , tt 2 ] — ir{iTp, S a p} — 2iT a . Next, using the identity F a pxp 
we have 



c 



[Z a ,Y] = [x a ir - 2ir a {r ■ tt) + 2r F a pixp ^x a + i{D - Z)ir a ,r 



r 



:r, 



= x a [-K ,r] - 2[ir a (r ■ 7?),r] - 2irF a pxp + (D - 3) 

r 

= -ix a {np, — } - 2-K a [(f ■ 7?),r] - 2[7r Q ,r](f • 7?) + (D - 3) — 
r r 

= _(£>_i)^ -2i^r-7r + 2i7r Q r + 2i^(r-7r) + (D-3) — 
r r r r 

X 

= —2— + 2z7r Q r = 2ir-K a = 2iT a . 
r 



Finally, 



11 c 

= [-,x a Tr 2 - 27r Q (f • 7?) + 2r 2 F a pnp - x a + i(D - 3)tt q ] 

= x a [-,TT 2 } - 2[-,n a (r ■ tt)} + 2r 2 F a p[-, np] + i(D - 3)[-,tt q ] 
r r r r 

= ~ix a {%^} 27r Q [i (r • t?)] - 2[i,7r Q ](r • 7?) - 2zr 2 F Q/3 ^§ + (D - 3)^f 

= -ix a [7T , ^] - 2i^f • tt + 2z7r Q i + 2i^(r • *) + (£>- 3)^ 

= 2i7r Q -; 
r 

[r7r 2 ,Z Q ] = [r, Z Q ]7T 2 + r[7r 2 , Z a ] 
= -2iT a TT 2 +r[TT 2 ,Z a ] 

= —2iT a 7T 2 + r{ir 2 , x a ir 2 — 2ix a {r ■ tt) + 2r 2 F a pTTp -x a + i(D — 3)n a ] 

= -2^^ Q 7^ 2 + r ([tt 2 , x a ]v 2 - 2[ir 2 ,ir a {r- 7?)] + 2[tt 2 , r 2 F Q(3 7r ]) 

+r (-c[7r 2 ,^]+i(D-3)[7T 2 ,7r a ]) 
= -2ir Q 7r 2 + r (-2iir a Tr 2 - 2[ir 2 , ir a ](r ■ tt) + 4iir a ir 2 + 2[ir 2 , r 2 F a pTTp}) 

+r (-c[7r 2 ,^:]+*(^-3)[7r 2 ,7r ct ]) 
= r (-2[7r 2 ,7r Q ](r • tt) + 2[tt 2 , r 2 F a p]TTp + 2r 2 F a p[TT 2 , np] - C [tt 2 , ^} + i(D - 3)[tt 2 , tt q ]) 
= r (-2[7T 2 ,7r a ](r • 7?) - 2{n 2 ,x a irp - xpir a }irp) 

+r (2r 2 F a p[n 2 ,np] - c[tt 2 , ^] + i(£> - 3)[tt 2 , tt q ]) 
= r (-2[TT 2 ,TT a ](r- tt) - 2[tt 2 , x a irp}irp + 2{ir 2 ,xpTr a ]irp) 

+r {2r 2 F a p[TT 2 ,TTp} - c[tt 2 , ^L] + i(D - 3)[7r 2 ,7r Q ]) 
= r (-2[7r 2 ,7r a ](f • 7?) - 2x Q [7r 2 , 7173] 7173 + 2x / 3[7r 2 ,7r Q ]7r (3 + 4F a pnp) 

+r (2r 2 J F Q/3 [7r 2 ,7r /3 ]-c[7r 2 ,^i]+zp-3)[7r 2 ,7r Q ]) . 

To continue we note that [7r 2 ,7r Q ] = 2iF Q7 7r 7 , so 

[r7r 2 , Z a ] = r (— 4iF ai ir 7 (r ■ tt) — 4:ix a FpjTTjTTp + 4dxpF ai iT^iTp + AF a pTTp) 



+r i^ir 2 F a pFp^ - c[n 2 , ^} - 2(D - 3)F Q7 tt 7 ] 

(X 
2x a Fp 1 Fp 1 + 4ir 2 F a pFf 3l ir 1 - c{ir 2 , -j] - 2(L> - 3)F Q7 7r 7 " 

, Ot , ■ r r^-r A * C2 f ^a~y Xq/^X-^j 



Therefore, 



^3 1 " L P' L v P! ^2 ^ \ t*2 



[X,Z a ] = {rn 2 + ~,Z a }=4c 2 ^+icr[n , S ^-2^}-2ic[~,n a ] 
= Anc^ - 2c(D - 2)^ - 2c^ = 0. 



Case 4 . 

[M a , Mja] = -iJ Q /3, [Aa,Mp] = -ir) a pT, [A a , Ap] = iJ a p 

or equivalently, 

[Z a ,Zp] = [W a , Wp] = 0, [Z a , Wp] = -2i ( Va pT + J a p) . 

Proof. It is clear that [W a , Wp] = because W a = x a . Next, 

[Z a7 Wp] = [x a TT 2 -2n a (r- tt) + 2r 2 F ai n 1 - -^x a +i(D -3)n a ,Xf)} 

= x a [ir 2 ,xp\ - 2[7r Q (r • n),Xp] + 2r 2 F ai [ir 1 , xp] + i(D - 2)[ir a ,Xp] 

= -2ix a Trp - 2-K a [(r ■ n),xp] - 2[n a ,Xp](f ■ n) - 2ir 2 F a p + (D - 3)S a 

= —2ix a -Kp + 2in a xp + 2i5 a p(r ■ fr) — 2ir 2 F a p + (D — 3)S a p 

= -2i (x a Trp - xpTT a + r 2 F a p) + 2i6 a p ■ 7? - i D - 

= -2i (ri a pT + J a p) . 

Finally, using results from case 2 and case 3, we have 

-i[Z a ,Zp] = [[T a ,X],Zp] = [T a X-XT a ,Zp} 

= [r a X, Zp] — [XT a , Zp] = [T a , Zp]X — X[T a , Zp] 
= [[T a ,Zp},X] = [ir) a pX,X] = 0. 



End of the proof of part 1) of Theorem O 
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B. Proof of part 2) 



We just need to verify equality 



E {Jab,Jac}- E {Jab, Jac} — ZaVBC 
1<A<D+1 -i<a<o 

under the condition that B < C, to be more specific, we need to verify the following identities: 



(22) 



Ei< a < D { J a0 , J ai } + {Ap, A^} - {Mp, M 7 } - {I>, r 7 } 
Ei< a < D {^, A a } - {Mp, T} - {Tp, T D+1 } 
V A 2 - T 2 - r 2 

l^l<a<D 1 1 D+l 

L^l<a<D 

{j a p,M a }-{A p ,T}-{r p ,r-i} 
Ei< a < D {A I) Ma}-{r D+ i ) r_ 1 } 

Ei< a < D K+^-^-i 

Ei< q <d{^, rj - r D+1 } + {Mp, r_r} 

{A a ,r a } + {T,r_!} 

Ei< a <n{M*,T a } + {T D+1 ,T} 

r 2 -x 



v r 2 + r 2 



The checking is then divided into six cases. 
Case 1. 



Ka<D 



a. 



2ar]p~ / , 
0, 

-a, 

0, 

0, 

a, 

0, 

0, 

o, 

a. 



(23) 



(24) 



Proof. 



E 

Ka<D 



r 2 +r 2 5+1 -r 2 _ 



= m a rir a --(XY + YX) 

2 2 - -♦ -* ^ / 2 22 \ 

= r 7r — ir ■ n — — (rir r + c + r it + c) 

= —if- 7? — ir[7r 2 , r] — c = —if- tt + ^{n^, —} — c 

i Xf, D - 1 
= 2 r ^' V ] _C= ~~ 2 C = a ' 



Case 2. 



Or equivalently 



E {A Q ,r Q } + {T,r_ 1 } = o, E {M Q ,r a } + {r D+ i,T} = o; 



l<a<D 



l<a<D 



□ 



E {^a,r a } + {X,T} = 0, E {W a ,T a }-{Y,T} = 0. 



Ka<D 



Ka<D 



(25) 



13 



Proof. We check the 2nd identity first: 

]T {W a ,T a } - {Y,T} = { Xa ,m a }-{r,f-TT-^^i} 

l<a<D 

= 2rr ■ tt + r\ir a , x a ] — 2rr ■ tt — [r ■ tt, r] + i(D — l)r 
= 0. 

Then we check the 1st identity: 

{Z a ,T a } + {X,T} = 2T a Z a + 2TX + [Z a ,T a ] + [X,T] 



Ka<D 



Case 3. 



Proof. 



2(rn a x a n 2 — 2m 2 (r ■ tt) + 2rTT a r 2 F a pTTp — m a —x a + i(D — 3)m 2 ) 

+2(f ■ tt - ^— -i)(m 2 + -)- ir] aa X - iX 
2 r 

2 (r(r- tt)tt 2 — 2m 2 (f ■ tt) + 2r 3 F a pTT a TTp - cm a ^- — 3im 2 ^J 

+2f- 7f(rir 2 + -) 
r 

2 (2im 2 — m 2 (f ■ tt) — ir 3 F a pF a p r ■ tt — cr[TT a , — j] — 3im' 

+2r ■ Trim 2 + -) 
r 

2 ([f- tt, m 2 } - ir 3 F a pF a p + [f ■ tt, -} - cr[n a , ^] - im 2 ^ 

( , c D-2\ 

2 l-ir 3 F a pF a p + i-+ ic——\ 

2^+^=0. 
r r I 



Ka<D 



{Jap^^-iA^Tn+^ + iM^T^} 

l<a<D 

2J a pT a + [T a , J a[i ] + X - ({X, Wp} + {Y, Zp}) 
2(x a TTprTT a - xpTT a riT a + r 2 F a pm a ) - i(D - l)Tp 
+XWp + YZp + 2%Yp 

2(TTprr-Tf+ [x a ,wpr]w a - xp[w a ,r]Tr a - xpm 2 + r 3 F a pTT a ) - i(D - 3)Tp 

c c 
+ (rTT 2 H — )xp + rxpn 2 — 2mp(f- tt) + 2r 3 Fp 1 ir 1 xp + i(D — 3)mp 

. _ _ .Xp . o 

2{TTprr ■ tt + imp + i — r ■ tt) — xprir 



+rir xp — 2m p(r- tt) 
2{rTTpr ■ tt + imp) + [m 2 , xp] — 2mp(r • tt) 
2([rTTp,f ■ tt] + imp) — 2imp = 0. 



□ 



{J a p,r a }-{Ap,r D+1 } + {Mp,r_ 1 } = o. (26) 



□ 



Case 4. 



A 2 a -T 2 - T 2 D+1 = -c 

l<a<D 

£ Ml+T*-T\ = a, 

l<a<D 

{A a ,M a }-{T D+1 ,T^} = 0; 



l<a<D 

or equivalently 

£ Zl=X\ Yl {Z a ,W a } + 4T 2 -{X,Y} = 4a. 

l<a<D l<a<D 

Here we have used the fact that X)i<a<D = Y 2 . 

Proof. To check the 1st identity, we note that Z a = i[T a ,X] and [Z a ,X] = 0, so 

Zl= l -[{Z a ,T a },X}. 

Then 

]T zl = i ]T [{Z a ,T a },X} 

l<a<D l<a<D 

1 

= —~[{X,T},X] use results from case 2 
= - l -[T 1 X 2 ]=X 2 . 

To check the 2nd identity, we note that Z a = i\T a ,X] and [W a ,X] = 2iT a , so 

{Z a ,W a } = i[{W a ,T a },X]+AT 2 a . 



Then 



Y {Z a ,W a } = i[{Y,T},X] + 4 Y T l use results from case 2 

l<a<D l<a<D 

i({Y,[T,X]} + {[Y,X},T}) + 4 r « 

l<a 

i({Y,iX} + {2iT,T}) + 4 T o 

l<a< 

-{X,r}-4T 2 + 4 Y T l- 



Ka<D 
^2 



l<Ct<D 



So 



l<a<D 



]T {z a ,w a } + 4T 2 -{x,Y} = 4 r*-2{x,y} 

l<a<D l<a<D 

= 4a use results from case 1. 
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Case 5 . 

J2 {J af 3,A a } - {M[},T} - {Tp,r D+1 } = 0, 

Ka<D 

]T {J a p,M a }~{Ap,T}-{Tp,T^} = 0; 



l<a<D 

or equivalcntly 

Ei<o<i){ J «)5,2 a }-{^,r}-{r^i} = o, 

El<a<D{Jc,f>,W a } + {Wp,T} - {Tf,,Y} = 0. 

Proof. We check the 2nd identity first: 



(28) 



{J«p,W a } + {Wp,T}-{Tp,Y} 

l<a<D 

= 2x a J a p + [J a p,x a ] + 2xpf-n + [f ■ jf,xp] - i(D - l)xp - 2r 2 n p - r[np,r] 

= 2r 2 7T (3 - 2xpf ■ 7f+ [J a p,x a ] + 2xpr-n + [f ■ w,xp] - i(D - l)x fi - 2r 2 irp - r[irp,r] = 0. 

To check the 1st identity, we note that Z a = i[T a ,X] and [J a p,X] = 0, so 

^ {Jafi,Z a } = i[{J a p,T a } 7 X] 

l<a<D 

= —i[XWp + ZpY, X] Use results from case 3 
= -iX[Wp,X]-i[Zp,X]Y-iZp[Y,X] 

= 2XTp + 2ZpT Use results from commutation relations 

= {X,Tp} + {Zp,T} + [X,Tp} + [Zp,T} 

= {X, Tp} + {Zp, T} + iZp - iZp = {X, Tp} + {Zp, T}. 

So the 1st identity is checked. □ 

Case 6 . 

J2 { J «/3> J ai } + {Ap,A 7 } - {Mp^I^} ~ {Tp,^} = 2a V p 7 . (29) 

l<a<D 

Proof. 



{Jap,J a ~f} — i ^2 i^ap, [r Q , r 7 ]} 

l<a<D 

= i ^2 ([{ J a/3' r "}' r 7] _ {[^a/3,r 7 ],r a }) 



Ka<D Ka<D 



l<a<D 

= -i[XWp + ZpY, T 7 ] - {T a 5p-y - TpSa-y, T a } 



= -iX[Wp, T 7 ] - iZp[Y, r 7 ] - i[X, T 7 ]Wp - i[Zp, r 7 ]y use results from case 3 
-2Sp 7 r l + i T ^ T i} 



l<a<D 

-r]p 7 YX + ZpW-y + Z 7 Wp - r)p 7 YX 



+2 V p, it + {i>,r 7 }. 



Ka<D 
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So 

{J a 0,J ai }-{rp,r y } = 77/37(2 J2 r 2 a -2Yx\ +z p w. l + z 1 w 



Ka<D \ Ka<D 



V0~f 
1 



(2 J2 Tl-2Yx\+\{{Zp,W 1 } + {Z 11 W f} }) 

V l<a<D J 



2 ([Z ,W 7 ] + [Z 1 ,W f3 }) 



I 2 ]T - 2FX + 2iT I + i ({^, W-,} + {Z 1: W P }) 

y l<a<£> y 

= ^-y ( 2 Tl-{X,Y})~{Ap : A^ + {M fh M 7 }. 



l<a<D 

So the identity is true because in case 1 we have verified that 



2 E lt-{X,y} = 2a. 



Ka<D 



□ 



End of the proof of part 2) of Theorem [21 



IV. REPRESENTATION THEORETICAL ASPECTS — THE PRELIMINARY PART 

The main objective in the rest of this paper is to show that the algebraic direct sum Ti. of the energy eigenspaces of a 
generalized MICZ-Kepler problem in dimension (2n+l) is a unitary highest weight (g, -fQ-module where g = so(2rt+4) 
and K = Spin(2) x Za Spin(2n + 2). Along the way, we prove Theorem Q] 

We can label the generators of Qo (the Lie algebra of Spin(2, 2n + 2)) as follows: 

M AB = -M BA for A.B = —1,0, 1, . . . , 2n + 2 
where in the (2n + 4)-dimensional defining representation, the matrix elements of M A b are given by 

[M ab ]jk = -i(VAjr]BK - VbjVak) 

with the indefinite metric tensor rj being diag{+ H — ■ } relative to the following order: —1, 0, 1, . . . , 2n + 2 for 

the indices. 

One can easily show that 

[Mab,Ma'B'] = i{VAA>M BB > + r\ BB 'M AA , - r\ AB >M BA , - r) BA ,M AB <). (30) 

In view of the sign difference between the right hand sides of Eqs. p3[) and (|30[) . we define the representation 
(^,C°°(S 2 ^)) of q as follows: for if> G C°°{S 2 »), 



n(M AB )(Tp) = -Jab^P (31) 
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where, by definition, Jab '■= ~^pJ AB\[r ■ 

However, what is really relevant for us is just a subspace of C ca (S 2fJ '), i.e., Ti. Actually, the story is bit more 
involved: what is really invariant under tt is not Ti, but a twisted version of Ti which is denoted by Ti later; and there 
is a twist linear equivalence 

r: Ti^H 

which preserves the L 2 -norm, such that, viewing r as an equivalence of representations, we get representation (tt, Ti). 
Because of this intricacy, we shall devote the next two subsections to some preparations. 



A. Review of the (bound) energy eigenspaces 

The bound eigen-states (i.e., L 2 eig en- sections of the Hamiltonian) of the generalized MICZ-Kepler problems have 
been analyzed in section 5.1 of Ref. [4] by using the classical analytic method with the help of the representation 
theory for compact Lie groups. Recall that the (bound) energy spectrum is 

El = -WTrTTW (32) 

where 1 = 0,1,2,- ••. 

Denote by S 2/i |g2r> the restriction bundle of S 2fl to the unit sphere S 2n . As a hermitian bundle with a hermitian 
connection, S 2 ^^™ is just the vector bundle 

Spin(2n + 1) x Spin(2li) s 2 "^ S 2 " 

with the natural Spin(2rt + l)-invariant connection. Note that, as a hermitian bundle with a hermitian connection, 
S 2tl is the pullback of 5 2 ^| S 2„ under the natural projection R 2n+1 -> S 2 ™. Let L 2 (S 2 ^), L 2 (S 2fJ >\ S 2 n ) be the L 2 -sections 
of S 2p - and S 2tJl \ S 2 n respectively. It is clear that Spin(2n + 1) acts on both L 2 (S 2 ^) and L 2 (S 2tJl \ S 2 n ) unitarily. In fact, 
as a representation of Spin(2n + 1), L 2 (<S 2M |g2 re ) is the induced representation of s 2m from Spin(2n) to Spin(2n + 1); 
therefore, by the Frobenius reciprocity plus a branching rule 7 for (Spin(2n + 1), Spin(2n)), one has 

£ 2 (S 2 Hs-)=0 i>o ^ (33) 

where 3$i is the irreducible representation of Spin(2n + 1) with highest weight (I + \fi\, \/j,\, • • • , |/i|). Observe that, 
if we use X to denote the horizontal lift of vector field X on M 2n+1 , then the vector field \rd a ,rdp] can be shown 
to be just the right invariant vector field on R + x Spin(2n + 1) whose value at (r, e) (where e is the group identity 
element) is (0, —ijap), i-e., (0, — j[e a , ep\). Consequently, the infinitesimal action of Spin(2n + 1) on C°°(S 2 ^) is just 
the restriction of tt to span R {M Q/ 3 |l<a</3<2n+l}= soo(2ri + 1). It is then clear that 7r(M Q ^)'s act only on 



7 See, for example, Theorem 2 of §129 of Ref. [H. 
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the angular part of the wave sections — a consequence which can also be deduced from the fact that J Q( g's commute 
with the multiplication by a smooth function of r. 

Let {Yi m (n)} meI (i) be an orthornormal (say Gelfand-Zeltin) basis for and 



l» = I + |mI + n ~ 1 



Then, an orthornormal basis for the energy eigenspace Mj with energy E\ is 

{Aim := ^ (r)yim(fi) |fc + / = /+U>M>0,me 1(0} 



(34) 



where ijjy £ £ r 1 dr) is a square integrable (with respect to measure r dr) solution of the radial Schrodinger 



equation: 



1 



2r 2n 

Note that R/a is of the form 
with y kift (r) satisfying Eq. 



d r r 2n d r 



+ 1) - n(n - 1) 1 



2r 2 



-Raw.. — Ek-i+iR 



kl u 



(35) 



r "y^Mexp 



d 2 2 d 
dr 2 k + 1^ dr 



2 + 1) 



^ yfcj„(r) = 0. 



(36) 



In term of the generalized Laguerre polynomials, 

m lt (r)=c{k,iy» +1 L**+ 1 ( 



k + L 



where c(k,l) is a constant, which can be uniquely determined by requiring c(k,l) > and J °° |i2jw„ (r)\ 2 r 2n dr = 1. 
We are now ready to state the following remark. 

Remark 1. 1) J^i is the space of square integrable solutions of Eq. Hip — Ejip. 
2) As representation of so(2n+ 1), 

l 



(37) 



2=0 



where Di := span{"0(j_; +1 ); m | m € 1(0} * s ^ e highest weight module with highest weight (I + \fj,\, ■ ■ ■ , |/z|). 
3) | / = 0, 1, 2, . . .} is the complete set of (bound) energy eigenspaces. 



For the completeness of this review, we state part of Theorem 1 from Rcf. 



J] below: 



Theorem 3. For the (2n + 1)- dimensional generalized MICZ-Kepler problem with magnetic charge n, the following 
statements are true: 

1) The negative energy spectrum is 
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where 7 = 0, 1,2, ... ; 

2) The Hilbert space J%?(n) of negative- energy states admits a linear Spin(2n + 2)-action under which there is a 
decomposition 

~ oo 

where Jffi is the irreducible Spin(2n + 2)-module with highest weight (7 + \fi\, ■ ■ ■ , |/Lt|, //); 

3) The linear action in part 2) extends the manifest linear action o/Spin(2n + 1), and M'i in part 2) is the energy 
eigenspace with eigenvalue Ej in part 1). 

It was shown in Ref. [4j that the bound eigen-states are precisely the ones with negative energy eigenvalues. We 
would like to remark that, in dimension five, a similar result obtained with a similar method has already appeared in 
Ref. [181. 



B. Twisting 

As we said before, because of the technical intricacy, we need to introduce the notion of twisting. Let us start with 
the listing of some important spaces used later: 

• Mi — the 7-th bound energy eigenspace; 

• H. — the algebraic direct sum of all bound energy eigenspaces; 

• Jt? or — the completion of Tt under the standard L 2 -norm; 

• "Him — the subspace of TL spanned by {ipkim \ k > 1, I, m fixed}; 

• — the completion of TLi m under the standard L 2 -norm. 

Note that these spaces are all endowed with the unique hermitian inner product which yields the standard L 2 -norm, 



i.e. 



:= / (^^)d u x 



(38) 



where (-0, <ft) is the point-wise hermitian inner product and dP x is the Lebesgue measure. 
It is clear from the previous section that 

St := {^u m | fc > 1, Z > 0, m e 1(1)} (39) 

is an orthonormal basis for both TL and jfc '. 

To study the action of Jab's, we need to "twist" 33, J#i, TLi m , 3^i m , "H and Jf? to get 33, J#i, TLi m , 3^ m , H and 
Jff respectively. It suffices to twist the elements of 38. Let r: 38 — > 38 be defined as follows: 

T(i> k i m )(r,n) := (k + l tl )e~ ie ^ f (^ klm (r,Sl) 
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oc r 



(fc + l M ) n+1 ^V*Jm((* + 



(40) 



where f = -j°Ty/f, and 6j 



In J for any positive number /. For simplicity, we write r(ipkim) as ipkim- One can 



check that 




(i>kim,ipkim)d x 




(lpklm,1pklm)d X = l. 



By using Eq. (|40j) and the orthogonality identities for the generalized Laguerre polynomials, one can see that ipkim is 
orthogonal to ipyim when k ^= k' . 

It is now clear how to twist all the relevant spaces listed in the beginning of this subsection. For example, 



Since 3tfj is spanned by {ipkim \ k + 1 = I + 1, k> l,I>0,me 2"(0}> ^ follows that Jfi is spanned by 

{ipkim \k + l = I+l,k>l,l>0,m€ 1(1)}. 

We shall call J^i/i) the twisted Hilbert space of the bound states for the (2n + l)-dimensional generalized MICZ- 
Kepler problem with magnetic charge \i. Remark that the twisting map 8 



is the unique linear isometry which sends ipkim to ipkim] moreover, r maps all relevant subspaces of J^f(p-) isomorphi- 
cally onto the corresponding relevant twisted subspaces. Note that J a p = -^Japy/r — Jufi obviously acts on j£j as 
hermitian operator, so r := span{Af Q| g |l<a</3<2rt + l}= so(2n + 1) acts unitarily on jtj via w. 
Recall that for non negative integer /, we use 1^ to denote I + n + — 1. 

Proposition 1. 1) ipkim is an eigenvector o/r_i with eigenvalue k + l^. 

2) J4?i is the space of square integrable solutions of Eq. T-xip = (/ M + l)'ip- 

3) P_i is a self-adjoint operator on Jifip) and Jffi is the eigenspace ofT_\ with eigenvalue 1^ + 1. 

4) As representation oft, 




(41) 



(42) 



1 



4 = 0A 



(43) 



where Di := span{^(i_;_|_i); m | m G 1(0} is the highest weight module with highest weight (I + \n\, ■ ■ ■ , |/z|). 
5) jr(n)=L 2 (S 2 ^). 



It has a basis-free description: for ip S Jfi, r(ip)(r, f2) = (/ M + 1) 



^((7 M +l)r, Q). 
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Proof. 1) The proof is based on the ideas from Ref. [jj]. Since 

Hlpklm = Sfc+i-lVtom, (44) 

we have \pr{H — Ek+i-i)ipklm = which can be rewritten as 

- 1 - £? fc+ i_iY')(4=V'«m) = 
where X and Y are given by Eq. ©. In terms of r_i and Td+i, we can recast the above equation as 

Plugging i/'fe/m = k^rVre 16 ^ 1 ^ (ipklai) into the above equation and using identities 

e- ief f- ie ief = coshef-i + Binhflfu+i 

(45) 

fu+i e l9f = sinh6>f_i + cosh flfo+i, 
we arrive at the following equation: 



r-l^fcim = (ft + l^klm 



(46) 



2) Note that the Barut-Bornzin process going from Eq. (|4"4")l to Eq. (|46|) is completely reversible. Therefore, part 
2) is just a consequence of part 1) of Remark [TJ 

3) Note that r_i is defined on the dense linear subspace Ti of J4?(fi). It is easy to check that 

(^fc'/'m',r_l^M m ) = (r_xl/>k'J'm',V>JMm) 

for any -i/'feim and ipk'l'm'- Therefore, T_i (To be precise, it should be its closure) is a self-adjoint operator on Jif(fi). 
In view of part 2), J£J is the eigenspace of T_i with eigenvalue 1^ + 1. 

4) This part is clear due to part 2) of Remark [1] 

5) Recall that $jw m (r, O) = (r) Yi m (O) where Rki^(r) oc r'+^l^^ x (2r) e _r . By the well-known property 
for the generalized Laguerre polynomials, for any I > 0, {Rki^JkLi form an orthonormal basis for L 2 (R + , r 2n dr). 



By virtue of Theorem II. 10 of Ref. jig and Eq. 

L 2 {S 2 ^) = L 2 {R + ,r 2n dr)(g>L 2 (S 2 » | S 2„) 
= 0^ o (i 2 (K+,r 2 "dr)®^)- 
Therefore, J? is an orthonormal basis for L 2 (S 2fl ), consequently J^(fJ.) = L 2 (S 2fl ). 

□ 

We end this subsection with 

Remark 2. Jffj is the eigenspace of tt(Hq) with eigenvalue — (Jp + 1). -ffere tt(Hq) = — T-i is viewed as an endo- 
morphism ofTL. 
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V. REPRESENTATION THEORETICAL ASPECTS — THE FINAL PART 

We start with some notations: 

• G = Spin(2, 2n+2) — the double cover of SOo(2, 2n+2) characterized by the homomorphism 7Ti(SOo(2, 2n+2)) = 
Z © Z 2 — * Z 2 sending (a, b) to a + b; 

• 0o — the Lie algebra of Spin(2, 2n + 2); 

• g — the complexfication of go, so g = so(2n + 4); 

• H — defined to be M_ li0 ; 

• Hj — defined to be — My-i^j f° r 1 < J < n + 1; 

• if := Spin(2) x^ 2 Spin(2n + 2) — a maximal compact subgroup of Spin(2, 2n + 2); 

• fio — the Lie algebra of K; 

• 6 — the complexfication of to, so t = so(2) © so(2n + 2); 

• r — the subalgebra of g generated by {Mab | 1 < ^4 < B < 2n + 1}, so ro := go H r = soo(2n + 1); 

• s — the subalgebra of g generated by {M^s \ l < A < B < 2n + 2}, so 5q ■— Qo C\ s — soo(2n + 2); 

• sl(2) — the subalgebra of g generated by M-i^+i, Mo,d+i and M_i j0 , so s(o(2) :— g n st(2) = soo(2, 1); 

• U(sl(2)) — the universal enveloping algebra of sl(2). 

A. 7i is a unitary highest weight Harish-Chandra module 

The goal of this subsection is to show that (tt,H) is a unitary highest weight (g, -FQ-module. 

Proposition 2. 1) Each tt(Mab) maps TL into TL, so (tt,TL) is a representation of g. 

2) Each tt(Mab) is a hermitian operator on TL, so (tt,TL) is a unitary representation of g. 

3) (7r|s[(2)i^m) is the discrete series representation o/so(2,l) with highest weight —l^ — 1. 



Proof. 1) We follow the convention of Ref. 



20| | for describing the root space of g = so{2n + 4). Take as a basis of the 



Cartan sub-algebra of g the following elements: 

H a = M_i, , Hj = -M 2j -i, 2 j, j = 1, • • • , n + 1. 
Let 77, 77' = ±1. We take the following root vectors: 

E T,e3+Tfe>< = \ {M 2 j-l,2k-l + iV M 2j,2k-l + W M 2j-l,2k ~ w' M 2j,2k) 



23 

where 0<j<k<n+l. This way we obtain a Cartan basis for g. Therefore, for ipj £ J#i, we have 

7r(flb)(t(^a)(^j)) = (-^-l + ao^OEaXV-/) 

= (-(7 -ao) M - l^CEaXV-i) (47) 

where ao (which can be 0, or —1 or 1) is the 0-th component of a. It is not hard to see that 7r(-E Q )(V>/) is square 
integrable 9 , so in view of part 2) of Proposition [IJ Eq. (I4T[) implies that ir(E a )(ipi) 6 Jfj_ QQ . (Here J#Li = 0.) 
Therefore, Tr(E a ) maps any hence 7i, into H.. By a similar argument, one can show that Tt(Hi) maps TL into 
itself. Since ff's and E's form a basis for g, this implies that tt(Mab) maps H into itself. 

2) It is equivalent to checking that each Jab '■= ^JabV^ i s an hermitian operator on 7i. First of all, it is not 
hard to see that, when O = Tr a , r, i, y^r, -^=, we always have 

(il>i,Oih) = {Oi/>i,ih) (48) 

for any ip±, ip2 in It is equally easy to see that Eq. (|48| is always true for any ip±, ^2 in H when O is T Q = x/rir a y/r, 
X = v / r7r 2 Y / r + £, or F = r. It is then clear from definitions ([9]) and (fTO)) that Eq. (|48|) is always true for any ^i, ^ 
in 7i when = Jab- 

3) Let us first show that 7r(Af_i.£> + i), 7t(Mo j _d+i) and 7t(M-i t o) map each )/ij.| m into TLi mi so they indeed map TLi m 
into 7iim- This is obvious for ir{M-ifi) because 7r(M_i i o)(V'Mm) = —T—iipklm = ~(k + l^ipkim- Next, we introduce 

E± = -=(M-i tD+ i ± iMo.c+i), 
v2 

then one can check from Eq. (f3"0"| that [M_ 10 , -E±] = ±E±. Therefore 

7r(M_ 1 ,o)(7r(£±)(^ Wm )) = (-fc - f M ± l)7r(£±)(^wm), 

where n(E±) = -^(T ± iTp+i). It is not hard to see that 7r(-E±)(V'fcim) is square integrable. In view of part 2) of 
Proposition [TJ we conclude that Tt{E±)(ipkim) must be proportional to VVteFiMm- (Here, by convention, V'oim = 0.) 
Therefore, operators tt(E±) map i/'/c/m into 7i; m . This proves that (7r| s [(2)i W; m ) is a representation of st(2). 

In view of the fact that 7r(M_i i o)(V'iim) = — (ip + l)Vrzm ^ 0, we conclude that £7(51(2)) • i/)u m is a nontrivial 
unitary highest weight representation of the non-compact real Lie algebra sto(2), hence must be the discrete series 
representation with highest weight — (Z^ + 1). Since U(sl(2)) ■ tpiim C Hi m , and dim(Jffj n C/(st(2)) • V>i; m ) = 
dim(Jfj n H; m ) for all I > 0, we conclude that £/(sl(2)) • ipu m — Him- Therefore, Hi m is a unitary highest weight 
s[(2)-module with highest weight — Zp — 1, which in fact is a unitary highest weight (sl(2), Spin(2))-module. Then 
J^i m must be the discrete series representation of Spin(2, 1) with highest weight — — 1. 

□ 



The convergence of the integral near infinity is clear because of the exponential decay as r — > oo . The convergence of the integral near 
the origin of Rf in the general case is clear from the counting of powers of r, and the remaining case when n = 1, fi = and ipj = tpkOO 
needs a separate but equally easy argument. 
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To continue the discussion on representations, we prove the following proposition. 

Proposition 3. 1) (tt\ s ,J^i) is an irreducible unitary representation of s, in fact, it is the highest weight representation 
with highest weight (I + . . . , \/i\, fi). 

2) The unitary action of to on Ji can be lifted to a unique unitary action of K under which 

oo 

H = (&(D{-l,-l)®D l ) (49) 
z=o 

where D l is the irreducible module of Spin(2n + 2) with highest weight (I + • • • , fx) and D{—1^ — 1) is the 

irreducible module of Spin(2) with weight —1^ — 1. 

3) H. is a unitary (g, K)-module. 

4) {k,TC) is irreducible; in fact, it is the unitary highest weight module of g with highest weight 

(-(n+\n\),\fi\,--- 

Proof. 1) Recall that s is the so(2n + 2) Lie sub algebra of g generated by 

{Hi, E ±eJ±ek |l<«<n+l,l<j<ft<n+l}, 

and So := s n go is the compact real form of s. Since Hq commutes with any element in s, in view of Remark [21 we 

conclude that each Jfj is invariant under 7r(s), i.e., (tt\ s , M'j) is a representation of s. 

Inside s there is an so(2n + 1) Lie sub algebra r. Note that Hi, . . . , H n are the generators of a Cartan subalgebra 

of r, and Hi, . . . , H n+ i are the generators of a Cartan subalgebra of s. Recall from part 4) of Proposition [1] 

i 

(7T| t ,J^) = ©A (50) 
2=0 

where Di is the highest weight r- module with highest weight (I + ■ ■ ■ ,|/i|). 

By applying the branching rule 10 for (s,t), one finds that there are only two solutions to Eq. (|50|): (Tt\ s ,Jf?i) is the 
highest weight module of s with highest weight equal to either (J + \fi\, ■ ■ ■ , |^t|,/i) or (7+ \fi\, ■ ■ ■ , — /i). Let 
"01/1 G be an s-highest weight vector, which is assumed to have unit norm. Since 7r(_ff n -|-i) = Ar>, we have either 
Ad^ui = A t V'i/i or A-Dipm = —fJ,ipin- To determine the sign, we only need to show that (V->i/i, Ar>ipm) = fx. Note 
that Ajj = i[Ti>,Tr} + i] = i[T]j, F-i — r] = i[T]j, L-i] — xjj and -01/1 is an eigenvector of L_i, so 



x D 



^m(r,fi) 2 d D x. (51) 



One can show that 11 , up to a multiplicative constant, ipui(r, fl) is equal to 

^M-n+Jg-r . ( sin6 ))-(™- 1 ) (l-COSl?)^ (1 + €036)^ ■ Z(6 X , . . . , 6 D - 



See, for example, Theorem 3 of §129 of Ref. [2l| . 

To be more specific, one needs to generalize the work of Ref. [23| |. Since we are only interested in a sign, we choose to skip the details 
here. 
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Then 



(i>ni, A D ip in ) = - I x D 



V>m(?-,^) 



/•OO /»7T 

/ r 2/ ^ +2 e" 2r dr / cos 6 (1 - cos 6>)^ +M (1 + cos 0) J *~ M sin 9 d9 
Jo Jo 

/ r 2I » +1 er 2r dr / (l-cos^+^l+costf/^sinflcW 
Jo Jo 



2 • r(2J„ + 2) 
/ 

= -(^ + 1)- 



J {i-xY^+^ii + xY'^-^dx ^ 



\ 



= -(^ + 1) 
= -(^ + 1) 



2 ■ 



(1 - (1 + 

l 

a (j M + 1 + i M + 2 - (j.) _ . 

73(^ + 1 + ^ + 1-^) 

r(i„ + 2 - / i)r(2/ Al + 2) 



l = M . 



r(/ M + i - M )r(2/ Al + 3) 

Part 1) is done. 

2) Since J% is the space of square integrable solutions of Eq. r_i^> = (Z M + 1)^> and tc(H ) = — T-i, as a {-module, 
= D(—lp — 1) ® £)' where D ( is the irreducible module of Spin(2ra + 2) with highest weight (I + \fj,\, \fi\, ■ ■ ■ , | /x | , /x) 

and D(—l^ — 1) is the irreducible module of Spin(2) with weight —l^ — 1. Since \i is a half integer, the irreducible 
unitary action of 6o on M{ can be promoted to a unique irreducible unitary action of K. Therefore, H is a unitary 
if-module and has the following decomposition into isotypic components of K: 

oo oo 

^ = 0^ = C°Hm - !) ® ^) • 

1=0 1=0 

3) From the definition, it is clear that the action of K on H is compatible with that of g on H, and its linearization 
agrees with the action of to- Part 2) says that H is if-finite. Therefore, H is a unitary (g, if )-module. 

4) Let u ^ be a vector in Jf^i with fl-weight (— (n + | /xj ) , |/x|, . . . , Since this weight is the highest among all 
weights with a nontrivial weight vector in H, V := U(g) ■ v C H is the unitary highest weight g-module with highest 
weight (— (n + | /x j ) , . . . , | /x| , /x) . Since Jtf is irreducible under sCg, either J£? C V or n F = 0, so in particular 
Jfo C V. We claim that M{ C V" for any Z > 0, consequently V — H and then part 4) is done. To prove the claim, we 
note that U(sl(2)) ■ v must be the discrete scries representation of s[(2) with highest (Ho-) weight — (n+ \/j\) because it 
is a nontrivial unitary highest weight representation of the non-compact Lie algebra slo(2). In view of the fact that Jfi 
is the eigenspace of n(Ho) with eigenvalue — (Z M + 1), J£? D (U(sl(2)) ■ v) — span{7r(i?f_)(^)} must be one-dimensional. 
Then ^fll'/O because dim(^ n V) > dim(^ n (U(sl(2)) ■ v)) = 1. 

□ 
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B. Proof of Theorem [0 

Viewing the twisting map r as an equivalence of representations, we get a representation 7r of g equivalent to ff. Then 
the two propositions proved in the previous subsection are true if we drop all "tilde" there. Thus H, is the unitary 
highest weight (q , _ftT)-module with highest weight (— (n + \fi\), \/J,\, . . . , \fj,\, /i). By a standard theorem of Harish- 
Chandra 12 , we know that Jt? is the unitary highest weight G-module with highest weight (— (n + \fi\, . . . , 
such that (tt,H) is the underlying (rj , K)-modu\e. One can check that this highest weight module occurs at the first 
reduction point of the Enright-Howe-Wallach classification diagram 13 . So part 1) is done. Part 2) of Theorem[T]is just 
a consequence of part 3) of Proposition and part 3) of Theorem Q] is just a consequence of part 2) of Proposition [5] 

APPENDIX A: GEOMETRICALLY TRANSPARENT DESCRIPTION 

The purpose of this appendix is to give a geometrically transparent description of the unitary highest weight module 
of Spin(2, 2n + 2) with highest weight (— (n + • • • , ju). 

As usual, we assume n > 1 is an integer and let S 2fl be the pullback bundle under the natural retraction M 2 ™ +1 — > S 2 ™ 
of the vector bundle Spin(2?i + 1) x Spin ( 2rl ) s 2m — > S 2 ™ with the natural Spin(2n+ l)-invariant connection. Let dPx be 
the Lebesgue measure on R 2 ™ +1 . As is standard in geometry, we use L 2 (S 2fl ) to denote the Hilbert space of square 
integrable (with respect to dPx) sections of S 2/ \ We have shown that J4?((j,) = L 2 (6> 2m ), therefore, Ok, L 2 (5 2m )) is 
the unitary highest weight module of Spin(2, 2n + 2) with highest weight (— (n + \fj,\), \fi\, ■ ■ ■ , fi). To describe 
the infinitesimal action of Spin(2, 2n + 2) on C°°(5 2m ), it suffices to describe how M Qj o, Mfl + i o and M^i$ act as 
differential operators. It is easy to see that M O:0 , Md+i,o and M_i j0 are equal to i\fr\I a ^Jr, | (^y/rA^^/r + r — ^) and 

(^/tA^y 7 ? — r — -) respectively. Here A M is the Laplace operator twisted by 6> 2m . For example, for ip G C°°(5 2ai ), 
we have 

(M ra , -V)(r,O) = tVrVa(Vr^(r,fi)). (Al) 
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